
Lattice QCD for Nuclear Physics

1. Lattice QCD infrastructure: people and software 

2. Hadronic Parity Violation (PV): I=2 NN PV Amplitude 

3. Neutrinoless Double Beta-Decay (0νββ) 

4. Nucleon Matrix Elements for Fundamental Symmetry Tests
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Lattice QCD Team 
LBL/UCB:  David Brantley, Chia Cheng (Jason) Chang, W. Haxton, T. Kurth 
(NERSC), Ken McElvain, Henry Monge Camacho, Amy Nicholson, AWL 
LLNL:  Evan Berkowitz, Enrico Rinaldi, Pavlos Vranas 
Liverpool/Plymouth:  Nicolas Garron 
JLab:  Balint Jóo 
CCNY/RIKEN:  Brian Tiburzi 
NVIDIA:  Kate Clark 
Computational Scientists 
LBL:  Fernando Perez, Abhinav Sarje, Sam Williams 
LBL (seeking $):  Pieter Ghysels, Khaled Ibrahim

red = postdoc 
blue = grad studentTight-knit team
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๏ Our main software, latscat, was initially developed by Thorsten Kurth (now @ 
NERSC).  Evan Berkowitz, Enrico Rinaldi and AWL are now co-developers 
with Thorsten consulting regularly 

๏ We work closely with Kate Clark (NVIDIA) who develops QUDA (GPU 
library) and continues to optimize software for our projects (Titan/OLCF) 

๏ We work closely with Balint Joo (principal developer of USQCD libraries) 
who continues to optimize and add support for routines we use 

๏ We work closely with Abhinav Sarje (LBL CRD through CalLat SciDAC3) 
and Ken McElvain (20+ yr software engineer turned UC Berkeley physics 
grad student) on significant performance optimizations, O(50-100%) 

๏ We have implemented a NERSC database to share numerical results amongst 
ourselves and ultimately, to share our raw LQCD results and our analysis 
results (the physics) publicly with easy open access to interested physicists 

๏ We are seeking funding for partial support of LBL Computer Scientist/Applied 
Math scientists who are familiar with exascale development and LQCD to 
develop next-generation LQCD code for NP on (near-)exascale computers 

Lattice QCD (LQCD) Software
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• The first CalLat lattice QCD project 
planned was to compute the Isospin=2 
Hadronic Parity Violating Amplitude 
between 2 Nucleons

Hadronic Parity Violation (HPV)
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first LQCD calculation of            : 
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systematic approximations 
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• We needed to develop new technology to compute higher partial wave NN scattering phase shifts 
(S,P,D,F), displaced two-nucleon interpolating fields  N†(t0, x0) N†(t0,x0+r0) |0>
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First LQCD calculation of NN P, D (,F) waves 
arXiv:1508.00886 (m⇡ ' 800 MeV)

Example: 3P2 - elastic wave

Lattice QCD calculation of NN energy levels

Lüscher Function 
cube            sphere

Hadronic Parity Violation (HPV)
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Hadronic Parity Violation (HPV)

Most significant systematic/challenge for HPV is 
our determination of good 2-nucleon operators.
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OLD: local
OLD: non-local
NEW: non-local

≃ our old determination of the ground state (gs) energy with OLD operators

Further Improved NN Operators
• We have developed new operators which may allow for “exponentially” improved results.

= deviation from gs plateau is driven by excited state contamination

= two-nucleon interpolating operators from the same space-time location - 
the strategy used by most other groups,       N†(t0, x0) N†(t0,x0) |0>

OLD: local

OLD: non-local = our recently developed displaced two-nucleon interpolating fields  
(see previous slides) N†(t0, x0) N†(t0,x0+r0) |0>

NEW: non-local = our new strategy - the excited state contamination of the two-nucleon correlation 
function has been significantly reduced.  This will allow analysis beginning earlier 
in time where the stochastic noise is ~ exponentially smaller

In preparation
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Neutrinoless Double Beta-Decay
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Neutrinoless Double Beta-Decay
long-range contribution 

(standard picture)
gA

gA

Long Range: lattice QCD can help understand “quenching” of gA 
in a nucleus 
Short Range: lattice QCD is the ONLY theoretical tool we have 
to understand these contributions with quantified uncertainties 
Lattice QCD: compute 2-nucleon matrix elements to determine 
unknown couplings/transition rates  
Many Body Nuclear Effective Theory: take lattice QCD results 
as input and compute transition rate in nucleus (Haxton, others) 
In this review, focus on short-range contributions

gA~

short-range contribution 
possibly equally/more important
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Neutrinoless Double Beta-Decay
Short-range contribution: probe for heavy physics

gA

gA

~
~

~1/MR

d u

d u

e−

e−

and the left-right symmetric model and compare them to each other. We summarize our

conclusions in Section V.

II. EFFECTIVE 0νββ-DECAY OPERATORS

The classification of the operators in L0νββ
EFF relies on two elements:

1. The use of symmetry to relate effective lepton-hadron 0νββ-decay operators to those

involving quarks and leptons. The relevant symmetries are parity and chiral SU(2).

Indeed, because the lepton-hadron effective operators are generated from the quark-

lepton operators through strong interactions, they should retain the same parity and

chiral structure.

2. The organization of these effective lepton-hadron operators in an expansion in powers

of a small momentum p.

To organize the non-standard model (NSM) operators in powers of p, consider first the

long range π-exchange contributions to 0νββ-decay of Figs. 2a,b, and c. The fact that pions

are Goldstone bosons allows us to use chiral perturbation theory [26, 27] to classify the NSM

hadronic operators in terms of a p/ΛH expansion, with ΛH = 4πfπ ∼ 1 GeV and p ∼ mπ

where fπ ≃ 92.4 MeV is the pion decay constant. The leading order (LO) quark operators

should therefore induce effective hadronic operators that do not involve derivatives of the

pion fields or pion mass insertions2, the next-to-leading order (NLO) operators would involve

a single derivative of the pion field, the next-to-next-to-leading order (NNLO) would involve

FIG. 2: Diagrams that contribute to 0νββ at tree level. The exchange diagrams are not included.
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2 At tree level, the pion mass insertions always have the form m2
π and therefore do not contribute at LO or

NLO.
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We have performed the first, AND COMPLETE lattice QCD calculation of 
the                     transition amplitude which is expected to dominate the 0νββ 
rate in the case of short distance physics 
๏ physical pion mass 
๏ continuum and infinite volume limits 
๏ still need renormalization (doing now) 
๏ expected publication within 2 months 
๏ result given to many-body nuclear theory to compute rate
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Short-distance Contact operators

✔
Stay Tuned!

and the left-right symmetric model and compare them to each other. We summarize our

conclusions in Section V.

II. EFFECTIVE 0νββ-DECAY OPERATORS

The classification of the operators in L0νββ
EFF relies on two elements:

1. The use of symmetry to relate effective lepton-hadron 0νββ-decay operators to those

involving quarks and leptons. The relevant symmetries are parity and chiral SU(2).

Indeed, because the lepton-hadron effective operators are generated from the quark-

lepton operators through strong interactions, they should retain the same parity and

chiral structure.

2. The organization of these effective lepton-hadron operators in an expansion in powers

of a small momentum p.

To organize the non-standard model (NSM) operators in powers of p, consider first the

long range π-exchange contributions to 0νββ-decay of Figs. 2a,b, and c. The fact that pions

are Goldstone bosons allows us to use chiral perturbation theory [26, 27] to classify the NSM

hadronic operators in terms of a p/ΛH expansion, with ΛH = 4πfπ ∼ 1 GeV and p ∼ mπ

where fπ ≃ 92.4 MeV is the pion decay constant. The leading order (LO) quark operators

should therefore induce effective hadronic operators that do not involve derivatives of the

pion fields or pion mass insertions2, the next-to-leading order (NLO) operators would involve

a single derivative of the pion field, the next-to-next-to-leading order (NNLO) would involve

FIG. 2: Diagrams that contribute to 0νββ at tree level. The exchange diagrams are not included.

P1

P2

P3

P4

k1
k2

q1

q2

n

n

p

p

π−

π−

e−

e−

(a) (b) (c) (d)

2 At tree level, the pion mass insertions always have the form m2
π and therefore do not contribute at LO or

NLO.

5

and the left-right symmetric model and compare them to each other. We summarize our

conclusions in Section V.

II. EFFECTIVE 0νββ-DECAY OPERATORS

The classification of the operators in L0νββ
EFF relies on two elements:

1. The use of symmetry to relate effective lepton-hadron 0νββ-decay operators to those

involving quarks and leptons. The relevant symmetries are parity and chiral SU(2).

Indeed, because the lepton-hadron effective operators are generated from the quark-

lepton operators through strong interactions, they should retain the same parity and

chiral structure.

2. The organization of these effective lepton-hadron operators in an expansion in powers

of a small momentum p.

To organize the non-standard model (NSM) operators in powers of p, consider first the

long range π-exchange contributions to 0νββ-decay of Figs. 2a,b, and c. The fact that pions

are Goldstone bosons allows us to use chiral perturbation theory [26, 27] to classify the NSM

hadronic operators in terms of a p/ΛH expansion, with ΛH = 4πfπ ∼ 1 GeV and p ∼ mπ

where fπ ≃ 92.4 MeV is the pion decay constant. The leading order (LO) quark operators

should therefore induce effective hadronic operators that do not involve derivatives of the

pion fields or pion mass insertions2, the next-to-leading order (NLO) operators would involve

a single derivative of the pion field, the next-to-next-to-leading order (NNLO) would involve

FIG. 2: Diagrams that contribute to 0νββ at tree level. The exchange diagrams are not included.

P1

P2

P3

P4

k1
k2

q1

q2

n

n

p

p

π−

π−

e−

e−

(a) (b) (c) (d)

2 At tree level, the pion mass insertions always have the form m2
π and therefore do not contribute at LO or

NLO.

5

O(q�2)

• LO almost complete! 
• dominant contribution to 

0νββ from short-range 
contributions 

• need renormalization

Neutrinoless Double Beta-Decay

•nn → pp contact operators 
next step: similar to two-N 
hadronic parity violation 
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Nucleon Matrix Elements & Fundamental Symmetries
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Nucleon Matrix Elements & Fundamental Symmetries
๏ Low energy precision tests of the Standard Model place competitive bounds 

on physics beyond the Standard Model (BSM) as compared to the LHC.

๏ Interpreting null results/hopeful signals in terms of potential BSM physics 
requires a quantitative and often precise knowledge of one- and sometimes 
two-nucleon matrix elements 
๏ direct dark matter detection 
๏ permanent electric dipole moments in nucleons and nuclei 
๏ modification from V-A weak beta decay,  

๏ 𝜇 → e conversion 

๏ … 
๏ The largest uncertainty in many examples comes from the hadronic 

uncertainty of the nucleon matrix elements 
๏ Lattice QCD calculations of nucleon matrix elements have one additional 

systematic that is more complicated than regular spectrum calculations: 
excited state systematics

n ! p+ e� + ⌫̄e
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-
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Nucleon Matrix Elements & Fundamental Symmetries
๏ With C. Bouchard, K. Orginos, we have developed a new method for computing matrix elements 

๏ significantly improved control over excited states systematics, based upon the Feynman-
Hellman Theorem, in which all excited states contributions are time-dependent (controlled in 
fit to numerical results) 

๏ ~9 times more statistical results for approximately equal computing time 

๏ entire calculation is equivalent in cost to 1 single tsep calculation of the standard approach

time-independent systematics 
need multiple tsep calculations - expensive

ONLY time-dependent systematics 
can fit with single calculation

standard OLD method NEW Feynman-Hellman method

q̄γµγ5τ
+q(τ )

N†(0)N (t)

Z
d⌧
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Nucleon Matrix Elements & Fundamental Symmetries
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Lattice QCD for Nuclear Physics
1. Lattice QCD infrastructure: people and software 

a) we have a very active and tight-knit/engaged team of physicists and computer scientists 
b) we are developing independent software for our specialized needs 

2. Hadronic Parity Violation (PV): I=2 NN PV Amplitude 
a) PV calculation on pause as we need to improve two-nucleon elastic scattering 

calculations 
b) we have developed an exciting new method that may provide exponential improvement 

in NN LQCD calculations - publication coming soon 

3. Neutrinoless Double Beta-Decay (0νββ) 
a) 0νββ may receive important contributions from short-range 4-quark—2-electron 

operators (more general BSM theory causing Lepton-number violation) 
b) The term expected to dominate such a contribution comes from a short-range Isospin=2 

pion matrix element 
c) We have nearly completed the calculation of this matrix element with LQCD - all that 

remains is the non-perturbative renormalization which we are performing now  
d) next is the calculation of two-nucleon operators - same technology as HPV 

4. Nucleon Matrix Elements for Fundamental Symmetry Tests 
a) developed new method for computing matrix elements motivated by the Feynman-

Hellman Theorem 
b) applied this new method to calculate the nucleon axial charge controlling all systematics 

- we are optimistic to achieve 1% total uncertainty in early 2017

⇡� ! ⇡+

17


